Introduction
In the second volume of his book, hectures on the Theory of Functions of Real Variables,^ Professor Pierpont defines an integral which he calls an i-integral, and develops a theory of integration which contains Lebesgue's theory as a special case. Up to a certain point, in Pierpont's theory, the field of integration does not need to be measurable, nor does the integrand need to be a measurable function in the sense of Lebesgue.
In case the field of integration is measurable Pierpont shows that " an i-integrable function is integrable in Lebesgue's sense, and conversely; moreover, both have the same value."
In the Pierpont theory it is only in the theorems relating to the reduction of multiple Z-integrals to iterated P-integrals, and in the theorems leading up to this reduction, that the condition that the field be measurable is introduced. It is true that no one has yet defined a very satisfactory non-measurable set and yet the existence of such sets has been established both by Lebesguet and by Professor Van Vleck. § The latter has also derived some of the properties which non-measurable sets must possess.
In this paper I shall give sufficient conditions for the existence and equality of the multiple and iterated P-integrals for a certain class of functions, called separated functions, defined over a field which may not be measurable.
If the function is equal to or greater than some arbitrarily small positive quantity, these conditions are also necessary.
In case the field is measurable a separated function defined over it becomes a measurable function and my extra conditions are necessarily satisfied.
In what follows it is understood that all functions and all fields of integra-tion are limited, and that the integral signs used denote X-integrals.* In case a Riemann integral is used the sign of integration will be prefixed thus : R f.
Preliminary
Definitions* Let 2Ii, %2, • • • be a finite or enumerably infinite set of point aggregates in n-way space which we denote by dtn ■ The point set formed by the points which belong to at least one of the sets 2In is called the union of these sets, and is denoted by ff{2li, 2I2, • • •} or by ff{2ln}. The point set formed by the points which are common to all the sets Sin is called the divisor of these sets, and is denoted by 7)d{2Ii, 2I2, • • •} or by P»{51"}. Let 21 = ff{2Ii, 2l2}. If there exists a measurable enclosure Ai of 2li and a measurable enclosure A2 of 2Í2, such that Dv{Ai, A2\ is a null set, that is of measure zero, 2li and 2I2 are said to be separated sets.
If 2li < 21, and 2ii and 21 -2li are separated sets, 2Ii is said to be a separated part of 21.
If 21 = ff{21"} and each pair of sets 2l¿, 21/ are separated sets, the sets {2ln} are said to form a separated division of 21. It is evident that each 21» is a separated part of 21.
Let / ( Xi, • ■ • x" ) be defined at the points of 21. Let a S 0 and ß g 0 be two numbers chosen at pleasure.
If, for every pair of such numbers, the sets of points at which (1) /==-«, ß^f are separated parts of 21, / is said to be a separated function in 21. In what follows the two sets defined by relations (1) are denoted by 2Ia and 2I3 respectively.
Let n = r 4-s • If we set the coordinates xr+i, • • • x", of the points of 21, all equal to zero, we get a point set 93 in r-way space 9îr. We call 93 the projection of 21 on 9îr. Let x be an arbitrary but fixed point of 93 with coordinates ( Xi, • • • xr ). Consider all the points of 2l whose first r coordinates are the coordinates of x. We denote these points by (S ( x ), and, when no confusion can arise, simply by S. We call (£(x) the section of 21 corresponding to x, and ß and 93 components of 21. It is convenient to write 21 = 93-£. t This notation is used to denote the upper measure of a set of points, viz., 21 is read upper measure of 31. The symbols meas, and meas, are also used before parentheses to denote upper measure and measure.
If tw£ sets 3Ii and St2, in 3?" and 3îm respectively, enter into the_same consideration, the symbol 3Ii is understood to mean n dimensional upper measure and ÎIj to mean m dimensional upper measure.
A definition of the integral here used is given below. Hence U{At\ = 21 -Dv{Ct} is a separated part of 21. 
Separated Sets and Separated Functions in the
Theory of ¿-Integration Theorem 7. het f(xi, ■ ■ ■ xn) =0 be h-integrable in 21. Then the integrand set 3 is a separated part of any enclosing ordinate set S.
The ordinates of which S is composed are of constant length I. The function I -f 1= 0 and is defined over 21. It, in turn, defines an integrand set 3', which may be considered as being the set S -3 • It is evident that 3'= meas! (S-3), fl = S. But, by Theorem 1, 3) is a separated part of 21. Therefore 2I& is also a separated part of 21. But 2I& is the set of points at which Since b was arbitrary / is a separated function by definition.
The case where/ is of unrestricted sign may now be proved as in the demonstration cited above. I now state a theorem which is a further generalization of a theorem proved by W. H. Young.* I have proved the theorem, for a slightly less general case, in a former paper, f The proof as there given, with obvious changes, applies here.
Theorem 9 Consider first the case where / ^ 0. By Theorem 7, the integrand set 3? is a separated part of any enclosing ordinate set S, and hence, by Theorem 4, each section 3 ( x ), corresponding to a point x of 93, is a separated part of S ( x ), except possibly for the points of $1. Consider some arbitrary but fixed S ( x ), x not in 9Í. Suppose that / is not a separated function in this S. The set P of_ values of ß for which (S3 is not a separated part of (E is such that either, Io, B = 0 or, 2°, B > 0. In the second case, by Theorem 4, $ (x) is not a separated part of S ( x ) which is a contradiction.
Consider now the first case. Let 6 be a point of B. Then we may choose a set of values of ß ßi < ß2 < ß3 ■ ■ • = b such that no ßn lies in B. But then, as in the proof of Theorem 8, (&b is a separated part of ß, which is a contradiction.
Thus ßß is a separated part of (S for each ß, which proves our theorem in this case.
It is obvious that, if / is a separated function in 21, it may be proved that vol. 204 (1905), pp. 221-252. tOn the continuity of a Lebesgue integral with respect to a parameter. American Journal of Mathematics, vol. 36 (1914) , p. 387.
/ minus a constant, is also a separated function in 21. Hence, if / is of both signs, we may choose a number C such that /+CäO. This function is then a separated function in 21 and consequently in each Ê except those corresponding to points of 9Ï. Hence / is also a separated function over these sections.
Corollary
1. het f(xi, ■ ■ ■ xn) be h-integrable in 21. Then f is hintegrable in each (S belonging to a point of 93, except possibly for the points of a null set 9i.
Theorem 11. het f(xi,---xn) be a separated function in 21 = 93 • S which is h-iterable with respect to 93. het b denote those points of 93 for which f is a separated function over the corresponding sections S. Then
(1) ff=f ff.
Let us first consider the case where / != 0. As / is limited, we have 0 Si / < M. S consists then of a set of ordinates of length I erected on A, or it may be considered as a set of ordinates of length M erected on B =93 • 1* Thus the projection of any S ( ß ) on P is P itself.
Let us first show that for any ß, arbitrary but fixed, 3 ( ß ) and 3' ( ß ) are separated parts of S (ß).
By hypothesis, 2tß is a separated part of 21. Then, by the last step in the proof of Theorem 5, and using hectures, II, § 405, we have (2) % = fcf, =3(/3).
«/a But 3 may a*so be considered as the integrand set of an auxiliary function F defined over 3 ( ß = 0 ) and such that the set of points at which F ^ ß is that part of 3 ( ß = 0 ) which is the projection of 3 ( ß ) on B. Since 3(0) and 3' ( ß ) are separated parts of S ( ß ) it is evident that Pisa separated function in 3 ( ß = 0 ). Hence, by Theorem 9 and hectures II, § 405, Applying Theorem 9, we obtain (1), and our proof is complete for this case.
We may now prove the theorem for a function of unrestricted sign, in a similar manner, by using Theorem 9, Corollary 2, or by using a method similar to Lectures, II, § 422.
For any section S, corresponding to a point of £>, the upper integral, the lower integral, and the integral of/ over S are identical.
For points of 93 -h, f may not be integrable over the corresponding sections (S. However, / has an upper and a lower integral over these sections.
Since, by Theorem 10, 93 -b is a null set we have from (1) We have already proved in Theorem 8 that / is a separated function in 2Ï. It remains to show that (1) 21= 6.
Under Theorem 11 it is only the left hand equality in equations (2) that depends upon the fact that 21 is X-iterable. Using the same notation as in the proof of that theorem, we have, from Theorem 9 and equations (5) 
